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Finite Differences
for the Heat Equation 2




Thomas algorithm

In this lecture, we consider the method of solving in an efficient manner.
The key fact that allows us to do so is the tridiagonal form of A. Let's see
A has nonzero entries only on the main diagonal and on the subdiagonals
directly above and below them.
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We repeat this process such that the relation of (1) until i reaches N,
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We consider one dimensional problem such as

Oyu(x,t) = up,(x,t), 0 <z <1, t>0,

Its boundary and initial condition are given
u(0,t) = u(1,t) =0, u(z,0) = sin(7x).
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Then it has a unique solution u(z.t) = sin(rz)e
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clear; clc; clf; Nx=12; x=linspace(0,1,Nx); h=x(2)-x(1);
T=0.1; alpha=2; k=alphax*(h"2); Nt=round(T/k);

u(:,1)=sin(pi*x);
for i=1:Nx-2

dd(i)= 1 + Z=alpha; c(i)= - alpha; a(i)= - alpha;
end
for n=1:Nt

d=dd;

for i=1:Nx-2

b({i)=u(i+l,n);

end

for i=2:Nx-2

xmult= a(i-1)/d(i-1);

d(i) = d(i) - xmult*c(i-1);

b(i) = b(i) - xmult*b(i-1);

end -
u(Nxz-1,n+1) = b(Nx-2)/d(Nx-2);

for i = Nx-3:-1:1
u(i+i,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);

end -
end
plot(x,u,’ko-?)
xlabel(’x’,’FontSize’,20); ylabel(’u(x,t)’,’FontSize’,20);







Crank-Nicolson method

This method for the heat equation has no stability condition and is
second order in both space and time. This scheme is called the Crank-
Nicolson method and is one of the most popular methods in practice.

We write the equation at the point (z;.t"*'/?) . Then
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is a centered difference approximation for «, at (z;,t"*'/*) and therefore

should be o(A#?).
To approximate the term w,.(z;,t"™/?), we use the average of the second

centered difference for w..(z:,t"*") and v, (z;,¢"). That is

r 41 /D . % . % s,
Uz, t"T2) = (Upr (24, ) + U (5, £ )) + O(h=)

n+1

+1 ‘ +1
ul g —2ul +ul | ully —2ul upy
h? +
i'

h?

[ I S

_|_
=~




We let «=4% and rewrite the equation such as
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The one must solve a system of linear equations.

From (1), we solve the system
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system can be written symbolically as

Au™t 1 — b".
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clear; clc; clf; Nx=12; x=linspace(0,1,Nx); h=x(2)-x(1);
T=0.1; alpha = 2; k = alpha*(h~2); Nt=round(T/k);
u(:,1)=sin(pi*x),
for i=1:Nx-2

dd(i)= 2=(1+alpha); c(i)= - alpha; a(i)= - alpha;

end \\\\\\\\\55

for n=1:Nt ’ ‘
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for i=1:Nx-2 ////;7

b(i)=alpha*u(i,n)+2*(1-alpha)*u(i+1,n)+alpha*u(i+2,n); —|

end
for 1 = 2:Nx-2
smult=a(i-1)/d(i-1);
d(i)=d(i)-zmult*c(i-1); b(i)=b(i)-xmult*b(i-1);
end
u(lx-1,n+1) = b(Nx-2)/d(Nx-2);
for 1 = Nx-3:-1:1
u(i+i,n+1) = (b(i) - c(i)*u(i+2,n+1))/d(i);
end
end
plot(x,u,’ko-');
xlabel(’x’,’FontSize’,20); ylabel(’u(x,t)’,’FontSize’,20)







Stability of Crank-Nicolson

In this part we show the stability of Crank-Nicolon using von Neumann
analysis. Let «} =¢7¢" and apply this for (1).
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Prevention of spurious
oscillations

We have observed the Crank-Nicolson scheme's advantages. However,
applying it to the below problem reveals a subtle weakness.

See the heat equation du(z,t) = u..(z,t), 0 <z <1, ¢ >0. (1)

But we have different initial conditions
u(z,0) = 0.3H(z) + 0.4H(z — 0.5)
where H(z) denotes the Heaviside step function.
Then, using the Crank-Nicolson method,
()

(24 a) —o (2 — a)ul + aul

n+1

— 2(1 + ) —o 1 aul + 2(1 — a)ul + ouj

-0 2(1 +a) —a 1y + aull +2(1 — a)ulf + aujf

—a 2(1+a) —a oty o+ 2(1 —ajuly, ;| + aufy,

—ry gy T G R ||
¥ QUp, 1+ (2 — o)y,




SRR LR R LA AA LAY osc_heatCN.m S h ki L Lk sk
clear; clc; clf; Nx=32; h=1/Nx; x=linspace(0.5*h,1-0.5*h,Nx);
for i=1:Nx

if (x(1)<0.5)

u(i,1)=0.3;
else
u(i,1)=0.7;

end
end
plot(x,u(:,1),’k-"); hold
for iter=1:2
alpha = 0.2+49.8%(iter-1);
k = alpha*h”2;
for i=1:Nx

dd(i)= 2#(1+alpha); c{(i)= -alpha; a(i)= -alpha;
end
dd(1)=2+alpha; dd(Nx)=2+alpha;
for n=1:1

d=dd;

for i=2:Nx-1

b(i)=alpha#*u(i-1,n)+2*(i-alpha)#u(i,n)+alpha*u(i+i,n);

end
b(1)=(2-alpha)*u(i,n)+alpha*u(2,n);
b(Nx)=alpha*u(Nx-1,n)+(2-alpha)*u(lix,n);
for i = 1:Nx-1

xmult=a(i)/d(i);

d(i+1)=d(i+1)-xmult*c(i); b(i+1)=b(i+1)-xmult*b(i);
end

u(Nx,n+1) = b(Nx)/d(Nx);




for i = Nx-1:-1:1
u(i,n+1) = (b{i) - c(i)*uli+i,n+1))/d(1);
end
end
if iter==
plot(x,u(:,2), 'ko-");
else
plot(x,u(:,2), 'kd-");
end
end
axis([0 1 0.2 0.8])
legend(’initial condition’,’\alpha=0.2",’\alpha=10")
xlabel(’x’, ’FontSize’,20); ylabel(’u(x,t)’,’FontSize’,20)
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To prevent spurious oscillations, we analyze the methods such as explicit,
implicit, and Crank-Nicolson schemes. Let us suppose that we have the
solution in infinite domain to avoid boundary conditions. Then the heat
equation is rewritten as

(1+20a)ul™ = (1—-0)aoul |+ (1—-2(1 —Oa)ul + (1 —faul,, (l)

+hau™ ! + fau™Tl,
1 i+1

where o = k/h*.

We can get explicit, implicit, and Crank-Nicolson when 6 =0, 6 =1, 6 =1/2,
respectively.

Next, we define w™ = max{ul | ul' ul, ul ] ul)

and apply the maximum principle, so that
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(1+200)u™ < (1 —@)au™™ + (1 - 2(1 — O)a)u™™ + (1 — 0)au!
1 1 I ]

+Hau™™ + Bou™ = (1 + 200 )u]™™. (2)
It follows ™" <u™ and (3)
similarly, define v = min{u? v, o, w2} and then apply the minimum

principle for (1)
_u:_r—] > ,“:_nin. (4)




