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Trapezoidal rule 

To derive the Trapezoidal rule for approximating               , let the 
linear polynomial         such that   

Then, we integrate          from    to    ,  

Consequently,  

where  
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For each sub-interval             of the  

If we apply the trapezoidal rule for   (1) 

(1) 

Therefore we have 

. 

. 

For example, integrate the exponential function  
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Simpson’s rule 

Aside from applying the trapezoidal rule with finer segmentation, 
another way to obtain a more accurate estimate of an integral is to 
use higher order polynomials.  

Instead of using a linear connection, given three points    ,    ,         , 
and     are connected with a parabola such that 

The result of the integration is  

This gives Simpson’s rule 
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Let us derive the general form of Simpson’s rule. 

For any even number n, the endpoints a and b of each interval [a,b] 
divide the real line into partitions n equal segments with a stepsize h 
such that 

The total integral can be represented as  

For each subinterval          , we apply Simpson’s rule to (1)   

(2) 

Therefore, we obtain 
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For example, use Simpson’s rule to integral 





Improper integration 

As the notion of integration is extended either to an interval of 
integration on which the function is unbounded, or to an interval wit h 
one or more infinite endpoints. In either case, the function has a 
singularity at one of the endpoints. 

(1) 



In this lecture, we show that the improper integrals can be reduced to 
problems of this form 

P-test in calculus states the improper integral with a singularity at the 
left end point converges if and only if              and define 

If     is a function that can be written in the form 

where            and              then the improper integral also exists. 

In that case, we can construct the fourth Taylor polynomial  
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Then, we can separate  

Rewrite part (b) as 

and part (a) follows that   

where         is given 

Therefore, we obtain numerical solution from (2) and (3).  

(1) 

(2) 

(4) 

(3) 



For example, integrate the exponential function  

First of all, let us separate the exponential function using  

where          is given as      

and then define        such that  

Next, the part (a) of the equation is calculated at discrete points  

We find that 

x 0.0000 0.25 0.50 0.75 1.00 

G(x) 0.0000 0.0000170 0.0001013 0.0026026 0.0099485 
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The part (b) can be calculated 

 We can then add up these two parts, 

 . 
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