
Chapter 2

Vector Differentiation

2.1 Ordinary Derivative

1. The first-order ordinary derivative of the vector which is a function of a scalar s is defined
by

dA(s)

ds
≡ lim

∆s→0

∆A(s)

∆s
= lim

∆s→0

A(s+ ∆s)−A(s)

∆s
. (2.1)

2.2 Partial Derivative

1. The first-order partial derivative of the vector which is a function of t,x,y,z is defined by

∂A

∂t
= lim

∆t→0

A(t+ ∆t, x, y, z)−A(t, x, y, z)

∆t
, (2.2a)

∂A

∂x
= lim

∆x→0

A(t, x+ ∆x, y, z)−A(t, x, y, z)

∆x
, (2.2b)

∂A

∂y
= lim

∆y→0

A(t, x, y + ∆y, z)−A(t, x, y, z)

∆y
, (2.2c)

∂A

∂z
= lim

∆z→0

A(t, x, y, z + ∆z)−A(t, x, y, z)

∆z
. (2.2d)

2.3 Gradient, Divergence and Curl Operators

2.3.1 Vector differential operator

1. The vector differential operator ∇ is defined by

∇ ≡
∑
i

êi
∂

∂xi
. (2.3)

2.3.2 Gradient

1. The gradient of a scalar function φ is defined by

∇φ ≡
∑
i

êi
∂φ

∂xi
. (2.4)

The gradient of a scalar function transforms like a vector.
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2.3.3 Divergence

1. The divergence of a vector A is defined by

∇ ·A =

(
êi

∂

∂xi

)
· (êjAj) =

∂Ai

∂xi
. (2.5)

The divergence of a vector transform like a scalar.

2.3.4 Curl

1. The curl of a vector A is defined by

(∇×A)i ≡
(
êi

∂

∂xi

)
× (êjAj) = εijkêi

∂Ak

∂xj
. (2.6)

The curl of a vector transforms like a vector.

2.3.5 Laplacian

1. The Laplacian of a scalar function φ is defined by

∇2φ = ∇ · (∇φ) =
∂

∂xi

(
∂φ

∂xi

)
. (2.7)

The Laplacian transforms like a scalar.

2.3.6 Solenoidal

1. We call a vector A solenoidal if

∇ ·A = 0. (2.8)

2.3.7 Irrotational

1. We call a vector A irrotational if

∇×A = 0. (2.9)

2.4 Exercise

2.4.1 ∇×∇φ = 0

1. Let us prove that ∇×∇φ = 0.

(∇×∇φ) = εijk
∂

∂xj

∂

∂xk
φ

=
1

2

[
εijk

∂

∂xj

∂

∂xk
+ εikj

∂

∂xk

∂

∂xj

]
φ

=
1

2

[
εijk

∂

∂xj

∂

∂xk
− εijk

∂

∂xk

∂

∂xj

]
φ

= 0 (2.10)
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2.4.2 ∇ · (∇×A) = 0

1. Let us prove that ∇ · (∇×A) = 0.

∇ · (∇×A) = εijk
∂

∂xi

∂

∂xj
Ak

=
1

2

[
εijk

∂2

∂xi∂xj
+ εjik

∂2

∂xj∂xk

]
Ak

=
1

2
εijk

[
∂2

∂xi∂xj
− ∂2

∂xj∂xk

]
Ak

= 0 (2.11)

2.4.3 ∇× (∇×A) = ∇(∇ ·A)−∇2A

1. Let us prove that ∇× (∇×A) = ∇(∇ ·A)−∇2A.

[∇× (∇×A)]i = εijk
∂

∂xj
(∇×A)k

= εijk
∂

∂xj
εklm

∂

∂xl
Am

= εkijεklm
∂2

∂xj∂xl
Am

= (δilδjm − δimδjl)
∂2

∂xj∂xl
Am

=
∂2Aj

∂xj∂xi
− ∂2Ai

∂xj∂xj

=
∂

∂xi

(
∂Aj

∂xj

)
− ∂2Ai

∂2xj

=
∂

∂xi
(∇ ·A)−∇2Ai

= [∇(∇ ·A)−∇2A]i. (2.12)

2.4.4 ∇2(fg) = f∇2g + g∇2f + 2∇f · ∇g

1. Let us prove that ∇2(fg) = f∇2g + g∇2f + 2∇f · ∇g.

∇2(fg) =
∂2

∂x2
i

(fg)

=
∂

∂xi

∂

∂xi
(fg)

=
∂

∂xi

[
∂f

∂xi
g + f

∂g

∂xi

]
=
∂2f

∂x2
i

g +
∂f

∂xi

∂g

∂xi
+
∂f

∂xi

∂g

∂xi
+ f

∂2g

∂x2
i

= f∇2g + g∇2f + 2∇f · ∇g. (2.13)
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