Chapter 2

Vector Differentiation

2.1

Ordinary Derivative

The first-order ordinary derivative of the vector which is a function of a scalar s is defined
by
dA(s) . AA(s) . A(s+As)— A(s)
i A A AT A 21

2.2 Partial Derivative

1.

1.

1.

The first-order partial derivative of the vector which is a function of t,x,y,z is defined by

0A . A(t+Ata,y,2) - Alt,z,y, 2)

Bt A At ’ (2.22)
0A 1 A(t,x+Ax,y,z) —A(t,x,y,z)
ar a4 As ’ (2:20)
87A: hm A(t7‘r7y+Ay52)—A(t’x7y7’z)7 (22C)
oy Ay—0 Ay
0A 7 A(t,x,y,z—i—Az)—A(t,x,y,z)
92 A, A- : (2:2d)
2.3 Gradient, Divergence and Curl Operators
2.3.1 Vector differential operator
The vector differential operator V is defined by
_ .0
2.3.2 Gradient
The gradient of a scalar function ¢ is defined by
_ N, 09
Vo = Z €ig (2.4)

The gradient of a scalar function transforms like a vector.
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2.3.3 Divergence

1. The divergence of a vector A is defined by

. 0 . 0A;
V- A= <ezaxl) . (ejAj) = sz (2.5)
The divergence of a vector transform like a scalar.
2.3.4 Curl
1. The curl of a vector A is defined by
. 0 . . 0A
(V X A)z = (ezaxz> X (ejAj) = €ijk€; 8xj . (2.6)
The curl of a vector transforms like a vector.
2.3.5 Laplacian
1. The Laplacian of a scalar function ¢ is defined by
0 (99
2
=V- = . 2.
vo=v-(vo) = 5 (52) (2.)
The Laplacian transforms like a scalar.
2.3.6 Solenoidal
1. We call a vector A solenoidal if
V-A=0. (2.8)
2.3.7 Irrotational
1. We call a vector A irrotational if
VxA=0. (2.9)
2.4 Exercise
241 VxVop=0
1. Let us prove that V x V¢ = 0.
0 0
(VxVg)= 6”’“87587,6‘1)
il 09 . 008
2 Ukal‘j 8$k tkj 6xk &%j
_1f, 69 0 8
2 Ukal‘j 8mk ik 8xk &%j
=0 (2.10)
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242 V- (VxA)=0
1. Let us prove that V- (V x A) = 0.

o, 29
N 6”’“8@ 8xj F

1 0? N 0? 4
- €
2 ”k&m@xj gik Oxj0xy, K

_Lo [ 9,
— ik O0x;0x;  Ox;j0xy F
=0 (2.11)

V- (VxA)

243 Vx(VxA)=V(V-A)-VA
1. Let us prove that V x (V x A) = V(V - A) — V2A.

[V X (V X A)]z = Eijki(v X A)k
aCCj

0 0

= €. —— 7Am
€ijk 8;rj €klm 6$l

82
= Gkij‘fklmm
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9 <aAj> 02 A;

:f%:i 87:133 B anj
_ 0 2,
= 50 (V- A) = V24,
= [V(V-A) - V4], (2.12)

2.4.4 V?(fg)= fV2g+gV3f+2Vf- Vg
1. Let us prove that V2(fg) = fV2g+ gV2f +2Vf - Vg.

2 0
Vi(fg) = @(fg)

0 0
9 [of dg
- 8.%'1' [8xig+f8xj

_O*f 9f dg  Of 99 0%
= 9229 " o, 02, " 0w 0w, T 02

(2

= fV%g+gVif+2Vf-Vg. (2.13)
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