






















































Quantum Mechanics 1

Assignment 6

Due: May 9 (Thursday), 2013

1. If |n〉 is the nth harmonic oscillator eigenstate, evaluate:

(a) 〈n|a†s|n〉, 〈n|as|n〉
(b) 〈n|x|n〉, 〈n|x2|n〉, 〈n|x4|n〉
(c) 〈n|p|n〉, 〈n|p2|n〉, 〈n|p4|n〉
(d) 〈m|a†s|n〉, 〈m|as|n〉
(e) 〈m|x|n〉, 〈m|x2|n〉
(f) 〈m|p|n〉, 〈m|p2|n〉.
Hints: (1) Work in the creation space representation and use the known
orthonormality of the harmonic oscillator states. (2) Express x and p
in terms of a and a†.

Remarks: This problem is not hard if you know and understand what
you are doing. By brute force methods, it’s a mess!

2. Coherent states

As shown in class, only the ground state of the harmonic oscillator has
the minimum uncertainty ∆x∆p = h̄/2. However, we can construct
the minimum uncertainty wave functions in the following way. That
state is called the “coherent state” and it is defined as

a|α〉 = α|α〉, (1)

that is, it is an eigenstate of an annihilation operator. Since a is not
hermitian, its eigenvalue α is in general complex.

(a) Compute 〈x〉, 〈x2〉, 〈p〉, and 〈p2〉 in the state |α〉, and show that
∆x∆p = h̄/2.

(b) Show that the state |α〉 can be written in the form

|α〉 = Ceαa
†|0〉. (2)
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Hint: Recall the definition of the exponential of the operator given in
class.

(c) Prove that if f(a†) is any polynomial in a†, then

af(a†)|0〉 =
df(a†)

da†
|0〉. (3)

Using this fact, compute C.

(d) On the other hand, since the set of the energy eigenstates {|n〉}
forms a complete set, the state |α〉 can be expanded as

|α〉 =
∞∑
n=0

cn|n〉. (4)

Show that the coefficients cn are given by

cn =
αn√
n!
c0. (5)

(e) By normalizing |α〉, show that c0 = exp(−|α|2/2).

(f) From parts (d) and (e), you can find the probability for the state |α〉
to contain n quanta. Find it, and it is called the Poisson distribution.

(g) Finally, compute the average number of quanta in the coherent
state. That is, compute 〈α|a†a|α〉.

3. The Hamiltonian of a particle can be expressed in the form

H = ε1a
†a+ ε2(a+ a†), [a, a†] = 1, (6)

where ε1 and ε2 are constants.

(a) Find the energies of the eigenstates. (You are not required to find
the corresponding state functions.)

(b) The same exept that the commutator of a and a† is [a, a†] = q2,
where q is a pure number.

(Hint: Keeping the harmonic oscillator in mind, introduce new an-
nihi9lation and creation operators b and b† by writing

b = αa+ β, b† = αa† + β, (7)

and choose the constants α and β wisely.
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