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Technique of BER/SER Calculation

Assume a certain signal was transmitted, say s1 (%)

Calculate the conditional error probability, P (e|sq)

Check if all the conditional probabilities are equal, that is, P>(e|s;) = P»(e|s2), Then
the average probability of error is

Pz = P2(6’81)P(81) —+ PQ(@‘SQ)P(SQ)

For equally probable case, thatis, P(s1) = P(s2) =1/2

1

Py = 5 (Pa(e]s1) + Palelsz)) = Pa(efs1)
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M-ary Orthogonal Signals

® Example of 4-ary orthogonal signal waveforms
Sl(t)
A PPM Frequency-Shift Keying
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®  Orthogonality condition for {s.(t)}m_;

T
/O Si(t)Sj(t) dt = O, ) 7&]

B  Signal waveform expression

sm(t) = VEshm(t), m=1,2,...

For PPM,
(m —1)T
M

Ym(t) = g (t .

For frequency shift keying,

2
Vi (t) = 4/ Tcos(Zwmt), m=1,2,...,.M
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Dimensionality of M-ary orthogonal signals

Dimensionality is M

Energy

T T
/ sfn(t)dt:f:s/ Y2 (1) dt = &, allm
0 0

Geometrical expression

= (£,,0,0,...,0)

= (0,1/&s,0,...,0)

(0,0,0,...,1/&)

Euclidean distance between M signal vectors are mutually equidistant, i.e.,

Aynn = \/Hsm —spl||? = /28, forall m#n
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Example of 4-PAM
S1 (t)

Average energy

E. .. =bA*T = 5d° where d° = AT
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Optimum Receiver for M-ary Signals in AWGN

B Received signal over AWGN during the time interval 0 <¢ < T

sSm(t)+n(t), 0<t<T, m=1,2,....M

where M = 2F

n(t) is AWGN with PSD S, (f) = % "W/Hz]

Ch I
anne Received signal

Transmitted signal s,, () (t) (t) (1)
» (1) = s (l) +nlt
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@ Geometrical representation of M-ary signals

N

Zsmkwk( ), OStST, m:1,2,...,M
k=1

where {s,,x} are the coordinates of the signal vector
Sm — (Sml,SmQ,...,SmN), m — 1,2,...,M

@ Receiver with correlation type demodulator

Y1 (1)

—)é *’/{)T()dt

Va2 (1)

% T
X -t
Received signal /0 () dt

r(t)

Y ()
>CXLf [ O

Detector |
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B Correlator output at the end of the signal interval
T
w = [ r@wa
0
T
[ lsn(®)+ nit)n() d
0

N

n=1

T
0

> s | walOr(t) e+ [ m(own(o)

Smk T Nk for k=1,2,...,N

T
where nk:/ n(t)y(t) dt
0

® |n vector form we can express the output signal of the demodulator as

Yy =8, +1h
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Bm Statistics of noise

T
B is Gaussian. Hence, we need to find the mean and
= /o n(t) i (t) df variance for PDF.

Bl = / Bln(e)x (t) dt = 0

@ Covariance

Blwny) = [ [ Em(Onmw0v,(0) didr

T T
| [ 3252 = rpnlty(r) dedr
0 0

1, j=k

where 5j’“:{0, j 4k
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@ Joint PDF of noise

@ Statistic of the output signal at the demodulator
Yr = Smk + Nk which is also Gaussian given s, .

» Mean » Variance
Elyk] = E|smk + nk] = Smk var(yi| = No/2

» Conditional PDF of ¥ = (Y1,¥2,---,YN)

f(Y’Sm) H f(yk‘smk)
k=1

1
(7TNO)

1
(7TNO

N
N2 SXP | T Z(yk - Smk)Q/NO
k=1

e exp[—||y — sml|*/No], m=1,2,..., M.
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Example of 4-PAM

Received signal

r(t) = sm(t) +n(t)

Output of the demodulator

y(T) = / F(E(t) di = / 5 () + (B (E) dt = 50 + 11,

where 1 ~ N(0, Ny/2)
PDF of y(T)
1
f(ylsm) = e~ W=sm)*/No 1 2 .. M

\/7TNQ

where s, = (2m —1— M)d.
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® Example of 4-PPM

The signal vector

s1 = (v&s,0,0,0)

Received signal vector under s1(t)

yzsl—'_n: (\/ gs+n17n27n37n4)

Joint conditional PDF

1
7TN())2

(y1 = VE)* +y5 +y3 +vi
Ny

exp | -

f(yls1) = f(y1,y2,Y3,v4l81) = (
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Optimum Detector

Posteriori probability

P(signal s, was transmitted |y)

Optimum decision rule

Select the signal corresponding to the maximum set of posteriori probabilities:

M

m=1

choose m such that {P(s,,|y) is maximum

which is called “maximum a posteriori (MAP)” criterion.

Bays’ rule

f(yI8m)P(sm)
f(y)

where P(s,,) is called“a priori probability”.

P(smly) =
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® MAP criterion

choose m such that {P(s,,|y)}_, is maximum

— choose m such that {Z (y|5}’q{;};(5m) M_ . is maximum

For equally probable case, that is, P(s,,) = I MAP criterion becomes

M

m=—1 15 1NaXIIMuIn

choose m such that {f(y|sm)

+  which is called “maximum likelihood (ML)” criterion.

B Definition

likelihood function: f(y|sm)

Log-likelihood function: In f(y|s.,)
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® MAP criterion

choose m such that {P(s,,|y)}}_, is maximum

— choose m such that {Z (y|sﬁ;])3(5m> M is maximum

for equally probable case => = choose m such that f(y|s)
= choose m such that In f(y|s;,)
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B 4-PAM case

Likelihood function

1 )
fylsm) = —= e~ W=sm)"/No =12 ... M
TTINQ

Log-Likelihood function

In f(y|sm) = —% log(mNo) —

ML criterion
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®  Generally, the output of the demodulator over AWGN channel can be written as
Yo = Smk + 1k, k=1,2,.. . VD
Imension

Its likelihood function is given as

1 2
f(yk’Smk) — N 6_(y_3mk) /NO’ m = 1’2’...’M
TTINQ

Joint likelihood function

1
f(YlSm) — (WNQ)N/Z

e~ L= Wmsme)*/No oy — 1 9 M

Log-likelihood function

N o om
In f(ylsm) = 5 In(7Nop) lnz Smk)

ML criterion
min(y — Smr)?, m=1,2,...,M

+  which is called minimum (Euclidean) distance rule
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®  Optimum decision rule

MAP criterion becomes ML criterion for equally probable case.

ML criterion can be reduced to minimum Euclidean distance rule over AWGN channels.

B Calculation of Euclidean distance

N N N
D(Yasm) Zyi - QZy”Smn + ZS?’W
n=1 n=1 n=1

ylI? =2y - sm + |lsm|?, m=1,2,...,M

Minimum distance rule choose s,, to give the minimum distance metric which is
equivalent to choose minimum value of the metric given as

D' (y,sm) =2y Sy + |lsm|]?, m=1,2,...,.M

or choose the maximum distance metric given as

C(y,sm) =2y 8m — |Isml|]*, m=1,2,...,M
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B Correlation metric

C(y,sm) =2y Sm — |lsml|l*, m=1,2,...,.M

We choose Sm which gives maximum correlation metric.

If all the signals have equal energy, that is, ||s,.||* = &s, for all m

+  we can just neglect the term ||s,,||?.
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Summary of Optimum Decision Rule

Optimum decision rule is MAP criterion.
MAP criterion is equivalent to ML criterion for equally probable case.

ML criterion is equivalent to minimum Euclidean distance rule over AWGN channels.

Minimum Euclidean distance rule is equivalent to maximum correlation rule.
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