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Summary

Singular value decomposition (SVD)	


MIMO channel in SVD
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Hermitian Matrix

• The matrix A is called Hermitian matrix if

A = AH

• Example of Hermitian matrix: F = HHH or F = HHH in MIMO chan-
nels.

• If matrix is Hermitian, its eigenvalues are real.
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Positive and Semi-Positive Matrix

• Definition

– Define the inner product between two complex vectors

< x,y >=

nX

j=1

xjy
⇤
j

– The matrix A is positive definite matrix if < Ax,x >> 0 for x 6= 0

– The matrix A is positive semi-definite if < Ax,x >� 0 for all x.

• Example of semi-positive definite matrix: F = HHH or F = HHH in
MIMO channel

• Properties of positive definite (or semi-positive definite) matrix

– Its eigenvalues are positive (or non-negative) real values.
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Singular Value Decomposition

A = UDV H

U : is m⇥m and orthonormal, that is, UUH
= I,

D : is m⇥ n and diagonal

V : is n⇥ n and orthonormal, that is, V V H
= I.

• Handy mathematical technique that has application to many problems.

• Given any m⇥ n matrix A, algorithm to find matrices U , V , and D such
that
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• SVD

1) m > n

2) n > m
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3) n = m,

• Rank of the matrix A is defined as the number of non-zero values in D.

- We can show the rank of A is at most min(m,n), that is, the maximum

value of rank A is min(m,n).
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• Consider DHD.

DHD =
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• Consider AHA:

FV = V ⌃V HV = V ⌃

- Now consider FV :

AHA = (UDV H)H(UDV H) = V DHUHUDV H = V (DHD)V H

- Let F = AHA and ⌃ = DHD. Note that ⌃ is n⇥ n diagonal matrix.

- Then F = V ⌃V H
.

=

2

6664

v11 v12 · · · v1n
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FV = V ⌃V HV = V ⌃
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MIMO for Spatial Multiplexing

Space-Time 
Encoder

x1

x2

xnT

Space-Time 
Decoder

r1
r2

rnR

H
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r1

r2

rnR

• At the receiver consider the following linear signal processing:

...

UH

...

r01

r02

r0nR

where we assume that the receiver knows the channels, that is, H, by estimation,

perfectly.

r

0 = Dx

0 + n

0

r

0 = UH
r,

x

0 = V H
x,

n

0 = UH
n

where
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r

0 = Dx

0 + n

0

1) When nR > nT , recall D has the form of

D =

2

66666664
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...

rnR = nnR

⇤ Then we have
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- In this case, the MIMO channel can be modeled as nT parallel channels
with the channel coe�cient

p
�k for k = 1, 2, ..., nT .
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2) When nT > nR, recall D has the form of

D =

2
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- In this case, the MIMO channel can be modeled as nR parallel channels
with the channel coe�cient

p
�k for k = 1, 2, ..., nR.
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• Rank of a matrix is equal to the number of non-zero eigenvalues.

- For a matrix of A with the size of m⇥ n, the rank r is given as

r = min(m,n)

• Hence, the MIMO channel with nT and nR antennas at the transmitter
and the receiver, respectively, the rank r is given as

r = min(nT , nR)

- So we have r parallel channels.
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Optimal	

Detector

Optimal	

Detector

Optimal	

Detector

x̂
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x̂
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r
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V

• Recall x0 = V H
x.

- Also recall V V H
= I.

x̂1

x̂2

x̂r

x̂ = V x̂

0 = V V

H
x+ V n

0 = x+ n

0
x̂ = V x̂

0 = V V

H
x+ V n

0 = x+ n

0
x̂ = V x̂

0 = V V
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0
x̂ = V x̂

0 = V V

H
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0 = x+ n

0
x̂ = V x̂

0 = V V
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x+ V n

0 = x+ n

0


