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Summary 

MIMO detection schemes

ML detection

Minimum mean-square error (MMSE) detection

Zero-forcing detection

Sphere decoding
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MIMO Channels
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rk = hk1x1 + hk2x2 + · · ·+ hknT + nk

k = 1, 2, ..., nR
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Maximum Likelihood MIMO Detection

ML  MIMO detection

H are known from the channel estimation!
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Example of 2x2 MIMO ML Detection

4-QAM case

s11 + js12s21 + js22

s31 + js32 s41 + js42

x 2 X = sk = sk1 + jsk2

x1

x2

r1

r2

h11

h21

h22

r1 = h11x1 + h12x2 + n1

r2 = h21x1 + h22x2 + n1

h12
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(s1, s1)

(s1, s2)

...

(s4, s4)

Possible symbol combinations from two antennas

42 MnT

where M is the cardinality of symbols.

We assume to know hij from channel estimation.
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(r1 � h11s1 � h12s1)
2 + (r2 � h12s1 � h22s1)

2

(r1 � h11s1 � h12s2)
2 + (r2 � h12s1 � h22s2)

2

(r1 � h11s4 � h12s4)
2 + (r2 � h12s4 � h22s4)

2

Then, calculate the metric as follows:

.

.

.

(s1, s1) =)

(s1, s2) =)

(s4, s4) =)

and choose ŝm pair to give the minimum metric.

Complexity ⇠ exponential increasing by the number of antennas
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MMSE objective function

Minimum Mean Square Error (MMSE) Detection

minE
�
(x�w

H
r)2

 

w : nR ⇥ nT matrix

MMSE solution

which is known as Wiener solution.
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General Solution of MMSE Detection

MMSE
(or Wiener filter)

u[n]

u[n] = d[n] + z[n]

u[n] = d[n]h[n] + z[n]

AWGN channel:

Fading channel:

Estimate d[n] through the filter with the coe�cient given as

w = [w0, w1, · · · , wK�1]
T

such that the mean-squared error is minimized.

y[n]
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Definition of error:

e[n] = d[n]� y[n]

y[n] =
K�1X

k=0

w⇤
ku[n� k]

where

wk = ak + jbk

and

J = E [e[n]e⇤[n]] = E[|e[n]|2]

Definition of cost function:

MMSE solution:

w⇤ = min
w

[J ]
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e[n] = d[n]� y[n]

= d[n]�
K�1X

k=0

(ak � jbk)u[n� k]

Gradient operator �k:

�k =
@

@ak
+ j

@

@bk
, k = 0, 1, ...,K � 1

�kJ =
@J

@ak
+ j

@J

@bk
, k = 0, 1, ...,K � 1

Then,

Solution
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�kJ = 0, for all k = 0, 1, · · · ,K � 1

MMSE solution can be found by solving:

�kJ = E


@e[n]

@ak
e⇤[n] +

@e⇤[n]

@ak
e[n] + j

@e[n]

@bk
e⇤[n] + j

@e⇤[n]

@bk
e[n]

�
or equivalently

@e[n]

@ak
= �u[n� k]

@e[n]

@bk
= ju[n� k]

@e⇤[n]

@ak
= �u⇤[n� k]

@e⇤[n]

@ak
= �ju⇤[n� k].

Note that:
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�kJ = E {�u[n� k]e⇤[n]� u⇤[n� k]e[n]}
�E {u[n� k]e⇤[n]� u⇤[n� k]e[n]}

= �2E [u[n� k]e⇤[n]]

= 0

E[u[n� k]e⇤[n]] = 0, k = 0, 1, · · · ,K � 1

) E

"
u[n� k]

 
d⇤[n]�

K�1X

l=0

wlu
⇤[n� l]

!#
= 0

or equivalently

) E [u[n� k]d⇤[n]] =
K�1X

l=0

wlE [u[n� k]u⇤[n� l]]
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E [u[n� k]d⇤[n]] =
K�1X

l=0

wlE [u[n� k]u⇤[n� l]]

Wiener-Hopf equation:

�uu(l � k) = E[u[n� k]u⇤[n� l]]

�ud(�k) = E[u[n� k]d⇤[n]]

Auto-correlation and Cross-Correlation:

K�1X

l=0

wk�uu(l � k) = �ud(�k), k = 0, 1, · · · ,K � 1

Wiener-Hopf equation:
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Equivalently, we have
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Zero-Forcing MIMO Detection
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Performance Comparison
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Complexity of ML MIMO Detection

64-QAM constellation

QAM alphabet set=X = {�7,�5,�3,�1, 1, 3, 5, 7}

ML equation

Total number of possibilities for 

x̂ = 88 = 16777216
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Lattice Structure

Each receive antenna observes the random sum of       transmit 

signals.

If the transmitted signal constellation contain M points (M-

QAM, M-PSK)

Received noise free constellation          points.

Exponential increase in constellation size. 

MnR

nR
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+

=

TX1: 4-QAM TX2: 4-QAM

RX Constellation

r = Hx+ n

Noise free signal

constellation
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Sphere Decoding

d

Search only noiseless receive points (defined as the lattice       ) that 

lie within a hypersphere of radius    around the receive signal   . 

Hx

d r

x̂ = arg

⇢
min
x2X

||r�Hx||2  d2
�
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MIMO Sphere Decoder

ML performance with reduced complexity.

Search only noiseless received points (defined as the lattice         ) that lies 

within a hypersphere of radius     around the received signal    .

Initial radius d is selected according to the noise variance per antenna.

Complexity of algorithm depends on the noise level and the channel 

conditions.  

B. Hassibi and H. Vikalo

“On the sphere decoding algorithm I. Expected complexity”, IEEE Trans. Signal Processing, 

2005

Hx

d r
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Sphere Decoder Algorithm

r�Hx = r�QRx = Q(QHr�Rx)

x̂ = arg

⇢
min
x2X

||r�Hx||2  d2
�

= arg

⇢
min
x2X

||QH
r�Rx||2  d2

�

H = Q


R

0(nR�nT )⇥nT

�nT ⇥ nT upper trianguler matrix

Q = [Q1 Q2] is an nR ⇥ nR orthogonal matrix.
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����

����r� [Q1 Q2]


R

0

�
x

����

����
2

=

����

����


Q

H
1

Q

H
2

�
r�


R

0

�
x

����

����
2

= ||Q1
H
r�Rx||2 + ||QH

2 r||2

In other words, the Sphere decoding becomes

Define                    and y = QH
1 r R2 = d2 � ||QH

2 r||2

||y �Rx||2  R2

d2 � ||QH
2 r||2 � ||QH

1 r�Rx||2
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2

666664

y1
...

ynT�2

ynT�1

ynT

3

777775
⇡

2

666664

r1,1 · · · r1,nT�2 r1,nT�1 r1,nT

. . .
...

...
...

rnT�2,nT rnT�2,nT�1 rnT�2,nT

rnT�1,nT�1 rnT�1,nT

rnT ,nT

3

777775

2

666664

x1
...

xnT�2

xnT�1

xnT

3

777775

In matrix form:
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The constraint can be expanded as

R

2 �
nTX

i=1

0

@
yi �

nTX

j=i

ri,jxj

1

A
2

R

2 � (ynT � rnT ,nT xm)2

+(ynT�1 � rnT�1,nT xm � rnT�1,nT�1xm�1)
2 + · · ·

A necessary condition: 

R

2 � (ynT � rnT ,nT xm)2

Detection of xnT
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Detection of xnT�1

Define: 

R

2
nT�1 = R

2 � (ynT � rnT ,nT xnT )
2

ynT�1|nT
= ynT�1 � rnT�1,nT xm

⇠�RnT�1 + ynT�1|nT

rnT�1,nT�1

⇡
 xnT�1 

��RnT�1 + ynT�1|nT

rnT�1,nT�1

⌫
The range of xnT�1 can be determined as

For the rest, this process is repeated.
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[H. Vikalo and B. Hassibi, “On the Sphere-Decoding Algorithm II. Generalization, Second-Order Statistics, and 

Application to Communications”, IEEE Trans. Signal Processing, Vol. 53, No. 8, Aug. 2005]

nT = 20
4-QAM
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Antenna Ordering

Antenna can also be ordered before sphere decoding

ZF ordering: order antennas by SNR

MMSE ordering: order antennas by SINR
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