
Interpolations 

Numerical Analysis MTH614 

Finite Differences  
for the Heat Equation 1 

Spring 2012, Korea University 



  The heat equation 

 Many physical processes are governed by partial differential equations. 
One such phenomenon is heat energy spreading out into space.  

 Initial and boundary conditions 

 We consider one dimensional problem such as  

 Its boundary and initial condition are given  

 Then it has a unique solution  

(1) 

(2) 

(3) 



Finite difference schemes  

Generally, it can be represented as 

where     is called the step size. 

It is termed a “forward” difference. 

This is a “backward” difference. 

The equation is a “centered” difference. 

Use these to verify the derivatives such as 





Mesh 

        is thereafter denoted as   

(1) 

(2) 



Explicit finite difference  

Consider the one dimensional heat equation, 

Then, the explicit finite difference scheme based on centered differences in 
space and a forward difference in time yields that 

Then, the explicit finite difference scheme based on centered differences in 
space and a forward difference in time yields that 

We let  

(1) 

(2) 

(3) 







Explicit stability (von Neumann) 

With the help of the von Neumann analysis, we examine stability of finite 
difference schemes. Let us begin by introducing finite Fourier series  

(1) 

We illustrate the method by considering the heat equation. If we rewrite 
the heat equation as explicitly, 

Using the Fourier series for  

(2) 

(3) 

To stabilize the scheme, we have to contain this term in 

That is,  





Implicit finite difference  

We now examine an implicit scheme. Consider the one-dimensional heat 
equation subject to homogeneous Dirichlet boundary conditions 

Thus, this time we approximate the solution to a value of  using the 
implicit finite difference scheme consisting of a backward in time and 
centered difference in space. Then we have      

Rewrite this,  

. 

(1) 

(2) 



To solve this, we use the linear system equations: 

(1) 

We consider the equation (1) of             , where  (2) 

(3) 
. 

Since the A is invertible,  

. (4) 



Implicit stability (von Neumann) 

Let us apply the von Neumann analysis to investigate the stability of the 
implicit scheme. We see the effect of the scheme on a complex exponential 

Substituting (1) into the implicit scheme (2) 

(1) 

(2) 

We solve for the  

Since                     we have              .                   

That is 

(3) 

(4) 

(5) 


