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Chap 4: Trees

* Access time O(N) for linked lists.
« if A>>7, faster access is needed.
» O(log N) access time for trees.
* Non-linear structure.
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Recursive definition

A tree is a collection of nodes.
 The collection can be empty.

« Otherwise, a tree consists of a distinguished
node r, called the roof, and zero or more
nonempty (sub)trees 7, 7, -, T,, each of
whose roots are connected by a directed
edge from r.

 The root of each subtree is said to be a
child of r, and r is the parent of each
subtree root.
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Generic tree and example
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Terms of Trees

 Root, leaf, parent, children, grand—*, sibling

- Path from n, to n.: a sequence of nodes n,, n,,
-+, N, such that n, is the parent of n,,

« Length of a path: the number of edges on the
path

« The depth(level) of a node: the length of the
path from the root to the node.

 The height of a node: the length of the longest
path from the node to a leaf

 The height of a tree: the height of the root
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Properties of Trees

* No loops

* Unique path between two nodes

* Every node except the root has one parent
 N-7 edges for an N node tree. How?
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Tree ADT

 Operations

Parent(n)
_eftmost—child(n)
Right—sibling(n)
Depth(), Height()
makeEmpty()
iSEmpty()
Preorder( )
Postorder( )
norder( )




Example
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The length of path AEJQ is 3
E is at depth 1 and height 2

F is at depth 1 and height 1

The height of the tree is 3
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Implementation

typedef struct TreeNode *PtrToNode;
struct TreeNode

{

ElementType Element;
PtrToNode FirstChild;
PtrToNode NextSibling;

}

@\@
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Tree Traversal Application

Jusr*
/]\
mark™® alex* bill*
e /T~
book* course* junk ju|nk work* course*
N
chlor  ch2r ch3r c0p>530* copS‘ZIZ”=
/7\ /\
fall05*  sprO6*  sum06* fall05* fall06*

N L M T~

syl.r syl.r syl.r grades progl.r prog2.r prog2r proglor  grades

Figure 4.5 Unix directory
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Routine to list a directory

static void
ListDir( DirectoryOrFile D, 1int Depth )

i 4

/7‘: 23‘:/
/% 3%/
Tl 4
/% 5%/

{
if( D is a legitimate entry )
{
PrintName( D, Depth );
if( D is a directory )
for each child, C, of D
ListDir( C, Depth + 1 );
}
}
void
ListDirectory( DirectoryOrFile D )
{
Listbir¢ D, 0 );
}

Figure 4.6 Routine to list a directory in a hierarchical

file system
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Preorder directory listing

Jusr
mark
book
chl.r
chZ.r
ch3.r
course bill
cop3530 work
fall105 course
syl.r cop3212
sproé fal1105
syl.r grades
sumiG progl.r
. syl.r progZ2.r
Junk fa1106
a1ex_ progZ.r
Junk progl.r
grades
2014-02-05 Weiss, Data Structures & Alg’s 12




Unix directory with file sizes

Jusr*(1)
mark*(1) alex*(1) bill*(1)
/I\
book*(1) course*(1) junk.c(6) junkl.c(8) workhe*(l)
chlmrm cop3>30*(1) cop32‘12*(1)
o e .
fall96*(1) spro7*(1) sum97*(1) fall96*(1) fall97*(1)

[T Tt e il

sylL.r(1)  sylr(5) syl.r(2) grades(3) progl.r(4) prog2.r(1) prog2.r(2) progl.r(7) grades(9)

Figure 48 Unix directory with file sizes obtained via postorder traversal
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Routine to calculate the dir size

Figure 4.9 Routine to calculate the size of a directory

static void
SizeDirectory( DirectoryOrFile D )

{
int TotalSize;
VI b TotalSize = 0;
[x 2%/ if( D is a legitimate entry )
{
/* 3%/ TotalSize = FileSize( D );
/* 4%/ if( D is a directory )
/* 5%/ for each child, C, of D
/* 6%/ TotalSize += SizeDirectory( C );
}
/* 7%/ return TotalSize;
}
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Trace of SizeDirectory

chl.r 3
ch2.r 2
ch3.r 4
book 10
syl.r 1 alex 9
fal196 2 work 1
syl.r 5 grades 3
spr97 6 progl.r 4
syl.r 2 prog2.r 1
sum97 3 fal196 9
cop3530 12 pr-ogz S G
course 13 progl.r 7
junk.c 6 grades 9
mark 30 fal1197 19
junk.c 8 cop3212 29
course 30
bill 32
/usr 72
Figure 4.10 Trace of the SizeDirectory function
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BTs: Binary Trees

« At most two children—left_child, right_child
« Full BT, complete BT
» height = |log N | for M node full BT

min= |log N |

max= N—-7
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Binary Tree

Generic binary tree Skewed tree
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Properties of Full BTs

h
e N= Y 2°=142"422+2°+ . 42
k=0 h+1
:2 _1:2h+1_1
2-1

« No. of non-leaf nodes = 2" -1
No. of leaf nodes = 2"

+ N+1=2"" h=|logN |

(height=A)
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BT implementation

typedef struct TreeNode *PtrToNode;
typedef PtrToNode BinaryTree;

struct TreeNode

{ ElementType Element;
Tree Left;
Tree Right;

};
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Recursions for Binary Trees

void PrintTree(BinaryTree T) {  //Inorder traversal
if (T !=NULL) {
PrintTree(T->Left);
PrintElement (T->Element);
PrintTree(T->Right);
}

}
int Height (BinaryTree T) {
if (T == NULL)
return -1,

else
return 1+ Max(Height (T->Left), Height (T->Right));

}
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Inorder Binary Tree traversals

void INORDER(T)

return, 9

print (T->Element );
INORDER(T—>Right);
}

{
if(T is null) y

INORDER(T->Left); 6 G

2014-02-05 Weiss, Data Struct's & Aly's

21




Binary Tree traversals

void PREORDER(T)

{
if(T is null)

print (T->Element);
PREORDER(T—>Left); 6
PREORDER(T—>Right);

}

return; e
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Binary Tree traversals

void POSTORDER(T)
{

POSTORDER(T->Left); (5)
POSTORDER(T—>Right);
print (T->Element);

}

if(T is null)
return, e
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Tree Traversal

Preorder traversal

print 1
Pre(2)
print 2
Pre(5)
print 5
Pre(6)
print 6
Pre(3)
print 3
Pre(4)
print 4
Pre(7)
print 7/
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Tree Traversal

Postorder traversal

Post(2)
Post(5)
print 5
Post(6)
print 6
print 2
Post(3)
Post(4)
Post(7)
print 7/
print 4
print 3

print 1
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Tree Traversal

Postorder traversal

Post(2)
Post(5)
print 5
Post(6)
print 6
print 2
Post(3)
Post(4)
Post(7)
print 7/
print 4
print 3

print 1
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Tree Traversal

O

void POST(T){
if(T is null)
return;

POSTORDER(T—>Left);
POSTORDER(T—>Right);
print (T->Element);

}

Postorder traversal

start Start

POST(2) POST (2)
POST(5) POST (9)
print 5 print 5
POST(6) POST (6)
print 6 print 6
print 2 indent print 2
POST(3) =————3p POST (3
POST(4) POST (4)
POST(7) POST (7
print 7 print 7
print 4 print 4
print 3 print 3

print 1 print 1

end end
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Tree Traversal

Inorder traversal => 5261374
Preorder traversal => 1256347
Postorder traversal => 562 74 3 1
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Expression Trees

Exp.treefor(a+bxc)+ ((d*e +f) *x g)
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Postfix to expression tree

b

ab+cd-~* e
& b @ ©®

- |
b e \@




Binary Search Trees

« Keys — stored data in the node

« Key order(larger, smaller)

« Forany nodev T,
Values in the left subtree — smaller

Values in the right subtree — larger

— Used to store and retrieve data efficiently
& dynamically (sort, matching, ...)

 Need fast access? Make it balanced/
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Two binary trees — which one BST?

£

of
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Binary search tree declaration

typedef int ElementType;

struct TreeNode;
typedef struct TreeNode *Position;
typedef struct TreeNode *SearchTree;

SearchTree MakeEmpty( SearchTree T );

Position Find( ElementType X, SearchTree T ) ;
Position FindMin( SearchTree T ) ;

Position FindMax( SearchTree T ) ;

SearchTree Insert( ElementType X, SearchTree T );
SearchTree Delete( ElementType X, SearchTree T );
ElementType Retrieve( Position P ) ;
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To make an empty tree

struct TreeNode ({
ElementType Element;
SearchTree Left;
SearchTree Right;
}i
SearchTree MakeEmpty (SearchTree T) {
if(T '= NULL) {
MakeEmpty (T->Left) ;
MakeEmpty (T->Right) ;
free( T );
}
return NULL;

}
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Functions in BSTs

« Find (X, T)— return the pointer of node that
has X.

« /nsert(X,T)— if X is already there, do nothing;
else add X at the right place.

« FindMin/Max(T) — return the minimum/
maximum in the BST 7. (leftmost/rightmost)

« Delete(X, T)—Delete X and reconstruct the
tree if necessary (hard).
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Find on binary search tree

Position Find(ElementType X, SearchTree T)
{
if (T == NULL)
return NULL;
1f(X < T->Element)
return Find (X, T->Left);
else
1f(X > T->Element)
return Find (X, T->Right);
else
return T;
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FindMin

Position
FindMin (SearchTree T)
{
if (T == NULL)
return NULL;
else
i1f(T-> Left == NULL)
return T;
else
return FindMin (T->Left) ;
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FindMax (nonrecursive)

Position
FindMax (SearchTree T)
{
if (T'!'=NULL)
while (T->Right!=NULL)
T=T->Right;

return T;
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Insert in BST

—
>~ — T
1 FAXU Mz =EE= A
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Insert in BST
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More example

Insert 5
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[* 1%/
[* 2%/
[* 3%/
[* 4x/

/* 5%/
/* 6%/

[* T*/
[* 8%/

[* 9%/
/*10%/

/*11%/

2014-02-05

SearchTree Insert(ElementType X, SearchTree T) {
if(T == NULL) {
/* Create and return a one-node tree */
T = malloc(sizeof (struct TreeNode));
if(T == NULL)
FatalError("Out of space!!!");
else {
T->Element = X;
T->Left = T->Right = NULL; }
} else
if(X < T->Element)
T->Left = Insert(X, T->Left);
else
if(X > T->Element)
T->Right = Insert(X, T->Right);
/* Else X is in the tree already; we'll do nothing */
return T; /* Do not forget this line!! */

Weiss, Data Struct’s & Alg's

42



Delete in BST

o Delete(X, T): A& 2(recursion)= WA REE
/* recursion 218 assign ot= < 0 E return
Cl= g0l 2A2IX| H&Es| =Xk & */
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Delete in BST

SearchTree Delete(ElementType X, SearchTree T) {

if ( T==NULL) Error( “Element not found” );

else if ( X < T>Element )
T->Left = Delete( X, T->Left);

else if (X > T>Element )
T->Right= Delete( X, T>Right);

else if ( T> Left & TORight ) /* Two children */

{ T->Element = findMin( T->Right )->Element;
T-> Right = Delete(T->Element, T>Right ); }

else

{ old = T;
T = (T>left !'= NULL)? T->Left : T->Right;
free(old);

}

return T; }
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Delete Example

2014-02-05 Weiss, Data Structures & Alg’s

45




More Delete Example
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More Delete Example

T\A
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Delete Tracing

DL(2,A)

-A—>Left = DL(2,B)

Tmp=FindMin(C) // F
B—>Element = Tmp—>Element
B->Right = DL(3,E)

'E->Left = DL(3,F)

-Tmp =F;
F=0G;

| free(Tmp);

-return G;

-return E;

return B

-return A

TNA
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Dynamic Properties

e HIOIE (random)& 4 Xtal insert/delete &t

= &H E2lQ EEH - unbalanced
— HI& &8 =M depth = O(log N)

 Average—case analysis:

Average depth for N—node BST with random—data
insertion & deletion = O(log N)
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Balanced Trees

. 0L AXINAE HR0| FHES 84 RXIoHs
A2

— depth = O(log N)

e 2ZHEQCI KA X
— AVL(Adelson Valskii Landis) tree
— Splay tree: self adjusting tree
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B-Trees

* Popular search tree which is not binary

B tree of order M is a tree with properties:

— The root is either a leaf or has 2~M children,
— All nonleaf nodes have [M/2] ~ M children,
— All leaves are at the same depth.
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Properties of B-Trees

* All data are stored at the leaves

 Each node contains
— M pointers to the children 2, A2, -+, A, and

— M-1 values, ki, k, - k- representing the smallest
key found in the subtrees A, A, -, Fu,
respectively.

 For every node, all the keys in subtree £~ are
smaller than the keys in subtree 2, and so
on.
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Node Structure

q-1

X<K, K. <X<K
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B-Tree of orde

r 4

48072

-

15

25

M1 4l

59

B4

191

l

PAB L 1213 [115,18,19 21,24

25,26

31,38

11,43,46

H8.49.50

39.68

72,78

84,88

41,9299

Figure 4.58 B-tree of order 4
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Properties of B-Trees

A B-tree of order 4 is known as a 2-3—-4
tree

« A B-tree of order 3 is known as a 2-3 tree

 B-Tree Operation

— Insert: If the inserted node is full, split it.

— Delete: If the deleted node is sparse, merge it
with neighbor
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Insert operation

8, 11, 12 16, 17

Insert 18

22,23, 31

41, 52

38, 59, 61
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Insert operation(Cont.)

Insert 1

>

16, 17, 18

22,235, 31 41, 52

58, 59, 61
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Insert operation(Cont.)

ot

Insert 19

1,8 11, 12 16, 17, 18 22. 23, 31 41,52 58, 59, 61
split
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Insert operation(Cont.)

l, 8 11, 12 16, 17

18,19 22, 23, 31

41, 52

58, 59, 61
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Insert operation(Cont.)

Insert 28

5, 8

12

16,17

22,23, 31

41, 52

58, 59, 61

2014-02-05

Weiss, Data Struct’s & Alg's

60




Insert operation(Cont.)

1, 8

16, 17| |18, 19 22, 23| 28, 31,

________

1, 8

16, 17| |18, 19 22,23

28, 31

41, 52

58, 59, 61

41, 52

58, 59, 61
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Insert operation(Cont.)

1, 8

16, 17| |18, 19 22,23

28, 31

58, 59, 61

11, 12

58, 59, 61
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