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Summary

® Sampling theorem

® Pulse-amplitude modulation (PAM)
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Pulse Modulation: Transition from Analog to Digital
Communications

Sampling process
Pulse-amplitude modulation
Pulse-position modulation
Quantization

Pulse code modulation

Delta modulation
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From Analog to Digital

‘| Sample and

| Hold circuit

g5<t) — Z g(nTs>5(t _ nTs)

n=—oo

» Dis-quantization

1
fs

» Quantization

—- 0100110 - - -

sampling period

1

S

gs(t)

sampling rate

Interpolation
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Sampling Process

gs(t) = g(t) S 8(t—nTy)

g(t) ﬁ‘@ —~ gs(t)

S > g(t)s(t — nTy)

impulse train: Z o(t — nTy)

= Y g(nTy)s(t — nT;)

® Two questions

What are the restriction on 9(f) and 7 to allow perfect recovery of ¢(t)
from g5(t)?

How is g(t) recovered from 9s(t) ?
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® Fourier transform of g¢s(t)

gs(t) = g(t) - Z o(t —nls) <> Gs(f)=G(f)xF Z o(t —nTy)

Now let us find F Z o(t — nTy)

| N=—0C

- First of all, we note that the impulse train is periodic signal with a
fundamental period 15. Hence, it can be described in Fourier series form

such as

o0

i o(t —nTy) = Z Cpel 2T st

n=——oo n=——oo

where the Fourier coefficient ¢,, can be found as

1 :
Cr, = —/ 6(t)e 2™t gt = f,
1s Jr.

- Hence, we have
S ot —nT) = f. Y e

n=—oo n=—oo
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Now taking the Fourier transform of the impulse train in Fourier series form

yields
F Z 5 t—nT — / <f8 Z €j271‘nfst> e—jQﬂ‘ft dt
_ 7 Z / —i2m(f-nf)t gy
— fs Z 5(f_nf8)
- where we make use of
6(t) +— 1 and 1 +— 6(f)

:>/ e 2Tt dt = §(f)
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Hence, the Fourier transform of 95(t) can be written as

n=——oo

Gs(f) = G |fs Y o(f—nfs)

= fs >, G(f—nfs)

n=—oo

We also find Gs(f) from gs(t) = Y  g(nT.)d(t —nTy) as

n=-—oo

Gs(f)= ) g(nTy)e 72mT/

nN=——oo

Hence, we have

Gs(f)=fo > G(f—nf)= Y g(nT)e>T]

n——o0 n——o0




® From the Fourier transform pair of the sampled signal, we can write

o

Gs(f)=fG)+fs Y  G(f—mf)

m=—oo,m=*~0

® From this expression, we find that

G(f) = %Ga(f% W< f<WLif fo > 2W

or
1

G(f) = &

> g(nTy)exp(—j2rnT.f), for —W < f<W

nN=——oo
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m Example

i ™
1 ﬁ‘\X’/
—-W 0 W 00
}: o(t — nTy)
Gs(f)
Afs
st
—3W W 0 w 3W

1
1 S 2 Gs(f TS<_
(1) fs>2W (f) TV
/s
—fe—W —fs+W —W 0 fs—=W fs+W
Gs(f) T, = !
(2) fSZZW 0 3_2W
f:
—3W w0 3W
3 2W 1 !
(3) fs < Gs(f) s~ oW
f:
W 0
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B Now let us answer two questions regarding the sampling process:

® Two questions

What are the restriction on ¢(t)and T to allow perfect recovery of g(t)
from g¢s(¢)?

Howis ¢(t) recovered from gs(t) ?

B Answers

Sampling period 75 must be less than or equal to the inverse of two times
signal bandwidth W, thatis, T, < 1/2W.

When the sampled signal is passed through the lowpass filter with the

bandwidth W, the original signal can be perfectly recovered.
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® From the previous example, we can reconstruct the original signal from the

g5 (t)

sampled signal such as

Low-pass filter

H(f) ~g(t)

1/f4

Also note that the impulse function of the lowpass filter is given as

h(t)

%4
T, /_ exp(j2m 1) df

TS [6j27TWt .

—j27TWt]
9127t

€

If fo =2W,
6j27TWt _ 6—j27TWt
72 - (2nWt)

2WTgsinc(2Wt)

2
;:V sinc(2W't)

—p

2WT -

h(t) = sinc(2Wt)
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B Letusassume f, =2WW, which is the minimum sampling rate that we can

guarantee without distortion to recover the original signal. Then, we have

G(f) = % Z g(nTy) exp <—j7‘;r;f) , for W f<W

n=—oo

® Its inverse Fourier transform is given as

o) = [ cneias
— /:/ % S g (%) exp (—‘77;;]8) exp(j2m ft) df
0o 1%
— QLRZOOQ(%> /_Wexp {j27rf (t—%)} daf
B L s n \ exp []QT(‘W (t — %)] — exp [—j27TW (t — ﬁ)}
~ oo &Y (QW) jom (t — 52
— i g (%) sinc [QW (t — %)} = g5(t) * sinc(2Wt)
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Pulse Amplitude Modulation

PAM generation

m(t) Sample-and- Hold
filter

+ s(1)
(1, 0<t<T
=<{ 2, t=0, t=T,
| 0, otherwise

ms(t) = Y  m(nTy)s(t — nT)

n=—oo

s(t) = mg(t) x h(t)

Z m(nTs)h(t —nTy)

n=——oo

Sample-and-Hold filter

Hold
h(t)

—

i o(t —nTy)

n—=——aoo
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Signal representation of PAM signal in time-domain

ms(t) * h(t)

/ " st — 1) dr

= h Z m(nTs)é(T — nTs)h(t — 1) dr

X n=—00

Y m(nTy) /_ B §(t — nTs)h(t — 1) dr

= Z m(nTs)h(t —nT)

Signal representation of PAM signal in frequency-domain

S(f)

Ms(f)H(f)
(fs Z M(f - ka)) H(f) where H(f) = Tsinc(fT) exp(—jnfT)

k=—oc

fo > M(f—kf)H(f)

k=—00
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